Abstract. We study the equations defining a projective embedding of a toric variety X using multigraded Castelnuovo-Mumford regularity. Consider globally generated line bundles B 1 , . . . , B ℓ and an ample line bundle
Introduction
Understanding how a variety X can map to projective space is one of the guiding problems in algebraic geometry. To address this question, it is natural to study the equations defining a projective embedding and the syzygies among them. Results in [Gre84] show that a "sufficiently positive" line bundle L on X gives an embedding X ⊂ -P r such that the first few syzygies are as simple as possible; particular cases assert that the image is projectively normal or cut out by quadrics. Explicit conditions certifying that L is suitably positive are known for curves [Gre84] , smooth varieties [EL93] , normal surfaces [GP99] and abelian varieties [Par00] . The goal of this paper is to present analogous conditions for toric varieties.
Let X be a projective toric variety over a field of characteristic zero. If L is a globally generated line bundle on X, then there is a morphism X -P r := P H 0 (X, L) . We write S := Sym H 0 (X, L) for the homogeneous coordinate ring of P r . Consider the graded S-module R := j≥0 H 0 (X, L ⊗j ) and let F • denote a minimal graded free resolution of R. For an integer p ≥ 0, the line bundle L satisfies Property (N p ) if F 0 = S and F i = S(−i − 1) for 1 ≤ i ≤ p. Fix a collection B 1 , . . . , B ℓ of globally generated line bundles on X and let B ⊂ Pic(X) be the submonoid generated by these line bundles. Given u ∈ Z ℓ , we simply write As a corollary, we obtain: If dim(X) = n and A is an ample line bundle on X, then A n−1+p satisfies Property (N p ). In Section 2, we collect some vanishing theorems and review a cohomological interpretation for Property (N p ). Section 3 reviews multigraded Castelnuovo-Mumford regularity. The proof of Theorem 1.1 is presented in Section 4.
Conventions. The nonnegative integers are denoted by N.
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Preliminaries
For the convenience of the reader, we recall the required vanishing theorems and review a cohomological interpretation of the Property (N p ). Throughout this paper, X is a projective toric variety of dimension n over a field of characteristic zero. We write K X for the dualizing sheaf on X.
Lemma 2.1. If A is an ample line bundle and B is a line bundle generated its global sections, then we have:
Proof. Part (a) appears as the Corollary in Section 3.5 of [Ful93] . Part (b) follows from the Kawamata-Viehweg vanishing theorem; Theorem 3.4 in [Mus02] provides a proof for toric varieties valid in all characteristics.
Remark 2.2. A line bundle on a complete toric variety is generated by its global sections if and only if it is numerically effective; see Theorem 3.1 in [Mus02] .
Given a line bundle L on X generated by its global sections, there is a canonical surjective map ev
Hence, M L is a vector bundle on X and sits in the short exact sequence
The following result shows that M L governs the syzygies of X in
Sketch of Proof. Since Lemma 2.1 (a) implies that H 1 (X, L ⊗k ) = 0 for all k ≥ 0, the proof of Proposition 1.3.3 in [Laz89] extends to our situation and establishes the claim.
We work over a field of characteristic zero to take advantage of the following:
for all 0 ≤ q ≤ p + 1 and j ≥ 1 then the line bundle L satisfies Property (N p ).
Multigraded Castelnuovo-Mumford Regularity
Following [MS04] , this section reviews the multigraded theory of Castelnuovo-Mumford regularity. Fix a collection B 1 , . . . , B ℓ of globally generated line bundles on X. Given u ∈ Z ℓ , we simply write
. In particular, if e 1 , . . . , e ℓ is the standard basis for N ℓ , then B e j = B j . We assume that there exists a u ∈ N ℓ such that B u is an ample line bundle on X; using the terminology in [Kee03] , this means that B 1 , . . . , B ℓ generate an ample filter.
Let F be a coherent O X -module and let A be a line bundle on X. We say that F is A-regular (with respect to
As Mumford says (see [Mum66] ), "this apparently silly definition reveals itself as follows."
Theorem 3.1. If F is A-regular then for all u ∈ N ℓ we have the following:
u is generated by its global sections.
This theorem follows from results in Section 6 of [MS04] . For convenience, we include a proof inspired by Proposition II.1.1 in [Kle66] .
Proof. By replacing F with F ⊗ A, we may assume that F is O X -regular. We proceed by induction on dim Supp(F ) . When dim Supp(F ) ≤ 0, the claim is trivial. Since each B j is basepoint free, we may choose a section s j ∈ H 0 (X, B j ) such that the induced map F ⊗ B −e j -F is injective. If G j denotes the cokernel, then we have dim Supp(G j ) < dim Supp(F ) . From the short exact sequence 0 -F ⊗ B −e j -F -G j -0, we obtain the exact sequence
By taking |u| = i, we deduce that G j is O X -regular. Thus, the induction hypothesis implies that G j is (B j )-regular. Setting u = e j + u ′ with |u ′ | = i, we see that F is (B j )-regular and Part (a) follows.
For Part (b), consider the commutative diagram:
The rows are exact because F is O X -regular and the induction hypothesis guarantees that the right column is surjective. It follows from the Snake Lemma that the map in the middle column is surjective. Therefore, Part (b) follows from the associativity of the tensor product. Lastly, consider the commutative diagram:
Applying Part (b), we see that the top row is surjective. By assumption, there exists w ∈ N ℓ such that B w is an ample line bundle on X. If v = kw, then Serre's Vanishing Theorem (Theorem III.5.2 in [Har77] ) implies that β u+v is surjective for k sufficiently large. Hence, β u is also surjective which proves Part (c).
We end this section with an elementary observation.
is surjective for all 1 ≤ j ≤ ℓ, then F ′ is also A-regular.
Proof. Tensoring the short exact sequence with A ⊗ B −u , we obtain
as piece of the long exact sequence in cohomology. Since F is A-regular, we have
−e j )-regular for every 1 ≤ j ≤ ℓ. It follows that H i (X, F ⊗ A ⊗ B −u ) = 0 for all i > 1 and all u ∈ N ℓ satisfying |u| = i. Finally, the hypothesis that the maps (3.2.3) are surjective implies that H 1 (X, F ′ ⊗ A ⊗ B −e j ) = 0 for 1 ≤ j ≤ ℓ and we conclude that F ′ is A-regular.
Main Results
In this section, we combine the combinatorial interpretation for the property (N p ) with a vanishing criteria coming from multigraded Castelnuovo-Mumford regularity. Let B be the submonoid of line bundles generated by our chosen line bundles B 1 , . . . , B ℓ ; in other words, we have B := {B u : u ∈ N ℓ } ⊂ Pic(X).
Remark 4.1. Since there is u ∈ N ℓ such that B u is ample, the assumption that 
is surjective for all u, v ∈ N ℓ . In particular, the map
. Applying Theorem 3.1(a) and Lemma 3.2, we see that M L is (B m 1 )-regular. For q > 1, tensor the sequence (2.2.2) with M
Hence, the maps
are surjective for 1 ≤ j ≤ ℓ because B wq ∈ ℓ j=1 (B j + B). Using Theorem 3.1(a) and Lemma 3.2, we conclude that M q L is (B mq )-regular. By Remark 2.4, it suffices to prove that
) is surjective. Hence, the short exact sequence satisfies Property (N p ).
Proof. The case p = 0 was first established in [EW91] ; other proofs appear in [LTZ93] , [BGT97] and [ON02] . Thus, we may assume that p is greater than zero. Since Lemma 2.1(a) implies that the line bundle A ⊗n is O X -regular with respect to A, Theorem 1.1 proves the claim.
Remark 4.3. If n = dim(X) ≥ 3 then [Oga03] shows that A ⊗(n−1) satisfies (N 1 ). As a consequence, [Oga] proves that A ⊗(n−2+p) satisfies (N p ) if n ≥ 3 and p ≥ 1.
The next result extends the list "positive results" discussed in Remark 3.7 of [EGHP] . We also obtain a multigraded analog of a result in [EL93] .
Corollary 4.5. Let X = P n be a smooth n-dimensional toric variety and let B 1 , . . . , B ℓ be the minimal generators of the nef cone on X. If w 1 , w 2 , w 3 , . . . ∈ N ℓ is a sequence satisfying B w i ∈ ℓ j=1 (B j + B) and m i := w 1 + w 2 + · · · + w i for i ≥ 1, then K X ⊗ B m n+1+p satisfies the Property (N p+1 ). If X = P n , then K X ⊗ B m n+1+p satisfies Property (N p ).
Proof. Lemma 2.1(b) establishes that, for all p ≥ 0, K X ⊗ B m n+1+p is O X -regular with respect to B 1 , . . . , B ℓ and Theorem 0.3 in [Mus02] shows that if X = P n then K X ⊗ B mn ∈ B. Therefore, we have K X ⊗ B m n+1 ∈ ℓ j=1 (B j + B) and Theorem 1.1 proves the claim. If X = P n , Corollary 4.4 shows that K X ⊗ B m n+1+p satisfies Property (N p ).
